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Abstract

To pre-processa scenefor thepurposeof visibility culling during walkthroughsit is necessaryto solvevisibility
fromall theelementsof a �nite partition of viewpointspace. Manyconservativeandapproximatesolutionshave
beendevelopedthat solvefor visibility rapidly. Theidealisedexactsolutionfor general 3D sceneshasoftenbeen
regardedascomputationallyintractable. Our exactalgorithm for �nding the visiblepolygonsin a scenefroma
region is a computationallytractablepre-processthat canhandlescenesof theorder of millionsof polygons.
Theessenceof our ideais to represent3-D polygonsandthestabbinglinesconnectingthemin a 5-D Euclidean
spacederivedfrom Plücker spaceand thento performgeometricsubtractionsof occludedlines from the setof
potentialstabbinglines.Wehavebuilt a queryarchitecturearoundthisqueryalgorithmthatallowsfor its practical
applicationto large scenes.
We havetestedthealgorithmon two differenttypesof scene:despitea large constantcomputationaloverhead,it
is highlyscalable, with a timedependencycloseto linear in theoutputproduced.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:ExactVisibility Culling

1. Intr oduction

It is important,giventheburgeoningcomplexity of rendered
scenes,thatgeometrynotvisible from theviewpoint is iden-
ti�ed andremoved from the renderingpipelineasearly as
possible.Over the pasttwo decadesmany visibility-culling
techniqueshave beendevelopedto performthis task.These
solutionscanbelooselycategorisedinto thoseappliedeither
at run-timeor duringa pre-process.With a few exceptions,
theformerdeterminevisibility from asinglepoint,while the
latterestablishthesubsetof geometryvisible from any point
within a region.

From-region visibility partitions the view-point space
(VPS)into regionsor cells,ratherthanattemptingto prepro-
cessthe in�nite numberof possiblecamerapositions.The
principaladvantageof thesetechniquesis that their consid-
erablecomputationcostcanbeshiftedto apre-process,con-
sequentlyremoving signi�cant run-timevisibility computa-
tion. The resultsmay thenbe saved to disk for future use.
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Thedisadvantageis that,asapre-process,only staticscenes
canbefully treated.

From-pointvisibility algorithmsarelesscostlycomputa-
tionally than from-region approaches,allowing themto be
appliedon a per-framebasisat run-time.They arealsobet-
tersuitedto unpredictablydynamicenvironments,wherethe
shapeor positionof objectsmaychangebetweenframes.

Visibility culling algorithmsmay be further categorised
accordingto theiraccuracy in differentiatingbetweenvisible
andinvisible polygons.We extendthetaxonomyof Cohen-
Oretal.8 andwediscriminatebetweenconservative, aggres-
sive, approximateandexactvisibility algorithms(Table1).

Run-Time Performance
ImageQuality Optimal Sub-optimal

Correct Exact Conservative

Errors Aggressive Approximate

Table1: Propertiesof from-region visibility solutions.

c
�

TheEurographicsAssociation2002.



Nirensteinet al / ExactVisibility

Conservativetechniquesconsistentlyoverestimatevisi-
bility andincurafalsevisibility error:invisiblepolygonsare
consideredvisible.This resultsin sub-optimalrun-timeper-
formancebecausethesepolygonsareunnecessarilysubmit-
tedto therenderingpipeline.

In contrast,aggressivemethodsalwaysunderestimatethe
setof visible geometryandexhibit falseinvisibility, where
visible polygonsareerroneouslyexcluded.Aggressive visi-
bility causesimageerrorbut canbeusefulin practiceif: (a)
the perceptualimpact of the error is acceptablysmall, (b)
the algorithm is computationallyef�cient or (c) it handles
scenesthatcannotbesolvedeffectively with a conservative
alternative dueto excessive overestimation.

Approximatevisibility techniquesgive both falsevisibil-
ity andfalseinvisibility errorsandarethusmostusefulwhen
ef�ciency is theoverridingconcern.

Exact visibility solutionsprovide both accurateimages
and optimal rendering performance.An exact visibility
query will produceno more or lessthan the union of the
polygonsvisible from all viewpointswithin the region. Of
course,thisis somewhatconservativewith respectto asingle
viewpoint, incorporatingasit doesvisibility from theregion
asa whole.

Exactvisibility solutionshave severaladvantagesbeyond
theobviousrenderingbene�ts:

� The magnitudeof visibility error (both over and under
estimation)in conservative, aggressive and approximate
schemesis highly dependenton thetypeof scene.This is
not true of exact visibility. By de�nition, it is a unifying
treatmentthatdealswith all scenesin thesameway.

� Exactvisibility culling providesabenchmarkfor compar-
ing other approaches.The typical way of assessingthe
quality of a visibility technique,namelythe percentage
of polygonsthat it culls in a givenscene,is a very crude
andimperfectmetric.Suchmeasuresdo not accountfor
the type (falsevisibility or falseinvisibility), distribution
(clusteredor widespread)or exactmagnitude,of visibility
error.

In this paperwe presentwhat is, to our knowledge,the
�rst exact from-region visibility-culling algorithmtractable
for realisticallysizedscenes(asmany as1.5 million poly-
gons).This representsa threeorderof magnitudeimprove-
mentover thepreviousstateof theart12� 30, albeit thesepre-
viousapproachesweretargetedat a slightly differentappli-
cation.

Our approachis not a panacea.It offers an optimal ren-
dering time, by only submittingthe necessarypolygonsin
a region to therenderingpipeline.It alsoyieldscorrectim-
ages,by not falsely excluding visible polygons.Although
tractablefor large scenes,the pre-processingcostsarestill
considerable.In circumstanceswherefastpre-processingis
morecritical thanimagequalityor run-timerenderingspeed,

aconservative, aggressive or approximatetechniquemaybe
moreappropriate.

Ourcontribution dependson two novel techniques:

� LocalisedExactVisibility. A novel algorithmwhichaccu-
ratelyqueriesthevisibility betweentwo convex polygons.
A principalef�ciency advantageof thisalgorithmis thatit
canbeappliedon-demandto a localisedswatheof scene
geometrybetweenthe two polygons.The natureof the
computationis suchthat it is considerablymoresuitedto
from-region computation,thanany obviousadaptationof
existing exactglobalvisibility techniques11� 12.

� Query Driven Architecture. In terms of computational
load, it is not suf�cient to naively queryeachpolygonin
thescene.A combinationof conservative andaggressive
queriesareusedto cull groupsof polygonsandto trivially
acceptothers.Resultsfrom previouscomputationsareex-
ploited in order to further acceleratethe query process.
Thisarchitecturealsohasthebene�t of output-sensitivity.

Therestof this paperis asfollows: After a review of pre-
vious work anda shortbackgroundon the relevant mathe-
maticsandterminology, wediscussourexactvisibility algo-
rithm. This is followedby detailsof thelocalisedexactvisi-
bility queries.Wethendiscussthearchitecturewhichallows
usto handlelargescenesef�ciently . Finally, we presentthe
resultsof aseriesof experimentsusedto quantifytheoverall
performanceof ourexactvisibility technique.

2. PreviousWork

This paperfocuseson bothfrom-region andexactvisibility.
From-pointvisibility methodsarenot relevantandwe refer
theinterestedreaderto theexcellentsurveysby Cohen-Oret
al.8, Durand10 andZhang33.

Cell-portal rendering1 � 28� 31 attemptsto establishtherela-
tive visibility of entirecells.Thevisibility of onecell from
anotherdependson theexistenceof a line of sightbetween
them,intersectedonly by portals– the non-opaquebound-
ariesbetweencells.Teller28� 31 derivedananalyticsolutionto
this problem.Teller30 further extendedthe cell-portaltech-
nique in order to determineexactly which partsof visible
cellsareindeedvisible.Thesealgorithmsaresuitedto archi-
tecturalscenes,but aren't a generalvisibility solution.They
work well for sceneswherethecombinatorialcomplexity of
portalsequencesis low.

Cohen-Oret al.9 and Saona-Vásquezet al.24 provide a
more general,but more conservative solution. They only
classifyanobjectasinvisible from aparticularview-cell if a
singlepolygonoccludesit from everypoint insidethatview-
cell. This is soconservative that it only achievessigni�cant
resultsif view-cells aresmall, relative to the sizeof scene
polygons.For highly detailedscenes,this often requiresa
prohibitive numberof view-cells andhenceexcessive run-
times.
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To counterthis, it is necessaryto considertheaggregated
occlusionby a set of smalleroccluders.Recentwork has
focusedeither on fusing occluders,or on the construction
of largervirtual occluders,which representtheocclusionof
multiple smalleroccluders.

Durandet al.10� 13 have recentlydevelopedageneralsolu-
tion to visibility culling usinganextendedprojectionopera-
tor.

Law and Tan20 use occlusionpreservingsimpli�cation
to generatea lower level of detail and thus larger poly-
gonoccluderswhile ensuringconservativity. Theocclusion
achievedby thefusionof thesecoarserrepresentationsis not
considered.

Koltunetal.18 make useof separatinglinesto build larger
moreeffective virtual occludersto representmany smaller
occluders.They note that by building their virtual occlud-
ersasa pre-processandperformingtheocclusionculling at
run-time (on a per cell basis),the cost of storing the visi-
bility setsfor eachcell is removed.They only implementa
21

2D (height�eld) solution.Schau�eretal.25 presentasimi-
lar conservative approachin 3D, wherevirtual occludersare
generatedfrom a volumetricdiscretisationof theinterior of
sceneobjects.

Wonka et al.32 have a conservative 21
2D solution.They

shrink a subsetof occludersandthensamplevisibility (ef-
fectively fusing occluders).Occludershrinking allows the
sampling processto maintain conservativity. There is a
trade-off betweensamplesrequired(andhencetime)andthe
degreeof shrinkage.This algorithmtendstowardsan exact
solutionasthenumberof samples,andhencetheamountof
time required,tendstowardsin�nity .

Thetechniquessurveyedabove areall conservative in na-
ture. They provide accurateimages,but for many scenes
thereis a largemargin betweenthesizeof thevisibility sets
they generateandthoseof anexactvisibility solution.

Recently, aggressive from-point basedsolutions have
beendevelopedthatadmit falseinvisibility errorsusingap-
proximateculling34� 5. Thesetechniquesaim to reduceren-
deringcostsby removing objectsthatcontribute little to the
image.Andújaret al.2 usehardly visiblesetsto cull or sim-
plify sceneobjectswhereonly a small proportionof their
geometryis visible.Klosowski andSilva17 presenta priori-
tisedlayerprojectionalgorithmthatusesa heuristicpriority
orderingthat tries to draw visible polygons�rst. This is a
goodtime-criticalsolution,sinceonegetsreasonableresults
evenif renderingis prematurelyterminated.

Gotsmanet al.16 presenta novel sample-basedvisibility
solution.They usea 5D sub-division over threespatialand
two angulardimensions.Each5D cell mapsto a beamin
3D space.The useof two angulardivisions is intendedto
acceleratefrustumculling at run-time.To determinefrom-
regionvisibility, raysarecastfrom arandompoint in thecell
to randompointson anobject's boundingbox. A statistical

modelbasedonwhethertherayshit thetargetobject,is then
usedto decideif the object is visible, invisible or whether
moreraysneedto becast.Error thresholdingallows a trade-
off betweenpre-processingtimeandaccuracy.

Turning to exact visibility, various solutionshave been
developedfor answeringgeneralvisibility queries.These
techniquestypically build a structurein someform of dual
line spacethatdirectly exposesvisibility events. A visibility
eventoccurswhena topologicalchangein visibility occurs
in thescene(eg. thesetof view-pointsfrom which a partic-
ular vertex of a previously occludedtrianglemay crossan
edgeof anotherandbecomevisible). Structuresrepresent-
ing this for generalscenesare the aspectgraph15(changes
in aspectarealsoencoded)andthe3D visibility complex11,
anextensionof the2D visibility complex22 andthevisibil-
ity map23. Earlier, Teller30 showedhow theconstructionof
theanti-penumbrathroughasetof portalsmaybecomputed
via a similar structure,using the Plücker parameterisation
of line space.Theusefulnessof thesealgorithmsis severely
limited by combinatorialcomplexity androbustnessissues.

Durandet al.12 presenta constructionof visibility event
surfacesthroughthedirectcomputationof thelower dimen-
sionalelements(skeleton)of thevisibility complex. Thena-
tureof this constructionis thaterrorsresultingfrom degen-
eraciesare localised,making the constructionof the visi-
bility skeletonmorerobust thantheconstructionof the full
visibility complex.

Koltun et al.19 build a representationof theraysbetween
segmentsin a dualray-space.Occlusionis computedby de-
termining whetherthe spaceof occludedrays containsall
raysbetweenthe view-cell andtheobjectin question.This
2D exact visibility solution is approximatedef�ciently via
discretisationthrough renderinghardware. Independently,
Bittner et al.6 alsodevelopedan exactvisibility solutionin
theplane,basedonsimilarprinciples.

Thequeryalgorithmpresentedin this paperis effectively
an ef�cient 3D approachto the on-demandconstructionof
part of a visibility complex-like structure.Unlike Durand,
we follow Teller's convention and use the Plücker coor-
dinateline spaceparameterisation.Furtherclari�cation (in
Section3.4)of therelationshipwith previouswork mustbe
deferreduntil afterour algorithmis presented.

2.1. Plücker Line Space

In order to describeour exact visibility algorithm,we �rst
give a brief overview of the fundamentalunderlyingtheory
of ouralgorithm,Plücker line space. Teller28 givesadiscus-
sionof this in a similar context.

Plückerspaceis aspecialcaseof aGrassmanncoordinate
system26� 27� 7. Grassmanncoordinatesallow for theparame-
terisationof a k-dimensionalaf�ne sub-spaceembeddedin
ann-dimensionalspaceasa point in a projective �

n� 1
k � 1 �	�

1
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dimensionalspace.Plücker spacein particularcorresponds
to lines(k 
 1) in �

3 (n 
 3). Thisresultsin aprojective � ve
dimensionalspace�

5. This parameterisationexposesa nat-
ural andelegantmeansof dealingwith directedlinesin �

3.
ThePlückermappingof adirectedline 
 passingthroughthe
point � px �

py �

pz �

andthenthrough � qx �

qy �

qz �

, is de�ned as
P ��


�


�� p0 �

p1 �

p2 �

p3 �

p4 �

p5), where:

p0 
 Qx
�

Px p1 
 Qy
�

Py
p2 
 Qz

�

Pz p3 
 QzPy
�

QyPz
p4 
 QxPz

�

QzPx p5 
 QyPx
�

QxPx

This homogeneoussix-tuple of �

5 is a uniquerepresenta-
tion of 
 to within multiplication by a positive scalefactor.
Negatingthescalefactor�ips theorientationof theline.

We next considera duality mappingwithin �

5. Given
p

�

x ���

5, we de�ne Dp � x
�

: �

5 �

� to be the quantity
p0x3 �

p1x4 �

p2x5 �

p3x0 �

p4x1 �

p5x2. Thisis apermuted
inner productof p and x. The set of solutionsx ���

5 of
Dp � x

�


 0 givesrise to the so-calleddual hyperplaneof p
in �

5.

Given lines 
 1 and 
 2, let p1

 P ��
 1 �

and p2

 P ��
 2 �

;

 1 and 
 2 areincidentif andonly if p1 lies on thedual hy-
perplaneof p2 (andvice versa).Formally, they areincident
if andonly if Dp1 � p2

�


 0. If Dp1 � p2
�

is not equalto zero,
thentherelative orientationof 
 1 and 
 2 is directly speci�ed
by thesignof Dp1 � p2

�

. SeeFigure1 for anillustration.

Figure1: Line orientationandPlückerspace. Thethreedia-
gramsontheleft showsthethreequalitativelydifferentways
for onedirectedline to passanother. The�gure on theright
is a visualisationofhowtheselinesrelatein thedualPlücker
space. ThesurfaceG is a visualisationof thePlücker hyper-
surfaceembeddedin �

5. Linesb andd passby line a on the
right andleft respectively. Linec is incidentona. If linesb,c
andd are mappedto �

5 via P (visualisedasthethreedots),
thenrespectivelythey will lie above, onandbelowtheplane
de�nedby DP � a�

� x
�


 0.

Althoughall linesin �

3 mapto pointsin �

5, notall points
in �

5 mapto linesin �

3. Rather, P is abijectionbetweenthe
lines in �

3 and a particularfour-dimensionalquadricsur-
faceembeddedin �

5 known astheGrassmannmanifold, the
Klein quadric or the Plücker hypersurface. This surfaceis
describedby thefollowing setof points:

G 
�� Dx � x
�


 0 : x ���

5 ���

� 0� (1)

Since,at leastfor thepurposesof this paper, we areonly
interestedin reallines,thissurfaceis usedconsistently.

3. Visibility Query

3.1. Overview

In orderto computeexactvisibility, we begin by construct-
ing a representationof thespaceof linesstabbing(incident
onbothof) apair of polygons.This is equivalentto thecon-
structionperformedby Teller andHohmeyer29. Ideally, we
wouldliketo dealwith theline segmentsbetweenthesepoly-
gons.It is, however, suf�cient to simplyclip all polygonge-
ometryto theinterior of theconvex hull de�ned by thever-
ticesof thepolygonpair, andthento dealonly with in�nite
stabbinglines.

Everyoccluderpolygonwithin thisconvex hull “blocks” a
setof linesbetweenthepair of querypolygons.If every line
betweenthe query polygonsis blocked by someoccluder,
thenthepolygonsaremutuallyinvisible.

The analoguepresentedin this section,is that the space
of linesbetweentwo polygonsis representedasaconnected
subsetof points on the Plücker hypersurface,G (seeSec-
tion 2.1).Similarly, eachoccluderis representedby a setof
pointson G, which correspondsdirectly to thesetof linesit
blocks.

Thealgorithmpresentedhereis onewhich incrementally
removes,for eachoccluder, thesetof occluderpointsfrom
that of the currentlyun-obstructedvolume.The initial un-
obstructedvolume is the spaceof lines betweenthe two
querypolygons.Thisremoval is achievedby usingconstruc-
tive solid geometry(CSG)in � ve dimensions.After all oc-
cluderpointshavebeenremoved,thepointsin theremaining
volumearethesetof linesthatarenotobstructedby occlud-
ers.If nosuchpointsexist, theobjectsaremutuallyinvisible.
If at leastonesuchpointdoesexist, thenthequerypolygons
aremutually visible, anda full descriptionof the spaceof
un-obstructedlinesbetweenthemhasbeencomputed.

3.2. The Spaceof Lines BetweenTwo Polygons

Ideally, we would like a genericrepresentationof thespace
of lines betweentwo polygonsthat is both easyto repre-
sentandto manipulate.Working directly on the surfaceof
thePlücker hypersurfaceis dif�cult dueto its curvature.In-
stead,webuild apolyhedralrepresentationof this line space,
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whoseintersectionwith the Plücker hypersurfacegivesthe
desiredsetof points.Thispolyhedronmaybeconstructedas
follows:

For a line sto stabtwo givenpolygons,it is necessaryand
suf�cient for all edgespassedby a directedversionof s to
have the sameparticularrelative orientation.This is illus-
tratedin Figure2. Given the (appropriatelydirected)setof
edgesof thesetwo polygonse1 �

e2 �! ! ! "�

en, verifying whether
s is a stabberis equivalentto testingwhether:

Dp � P � s
�#��$

0
�&%

p �'� P � e1 �(�

P � e2 �(�! ! ! )�

P � en �

� (2)

Figure2: Stabbingconstraints. Directedlinese1 to e8 corre-
spondto theedgesof twoquadrilaterals.Notethat thestab-
bing line s passesall e1 to e8 to the left. This conditionis
bothnecessaryandsuf�cient for stabbing.

The projective space �

5 is simply �

5 with two addi-
tional hyperplanesat positive and negative in�nity . These
additional hyperplanesare useful as an elegant meansof
uniformly handlingcaseswhich appearas singularitiesin
other parameterisations.Recall that the Plücker six-tuples
are uniqueto within a positive scalefactor. It is therefore
possibleto normalisethe projective six-tuple by dividing
throughby oneof its components,andthenexcluding that
component(normalisedto one).Thisof courseassumesthat
thenormalisationcomponentis non-zero.It is trivial to pre-
rotate the scenegeometryso as to prevent this possibil-
ity from occurring.This processis equivalent to projecting
down to �

5. This approachwas also taken by Teller and
Hohmeyer in29 andis necessary(althoughnot suf�cient) to
representthe structureasa boundedpolytope.Our motiva-
tion for boundednessis discussedin Section3.2.1.

After this projection, the function Dp � x
�

: �

5 �

� be-
comesD *p � x

�

: �

5 �

� whereD *p � x
�


 p0 �

p1x4 �

p2x5 �

p3x0 �

p4x1 �

p5x2. In this case,the third elementhas
been selectedas the normalisationcomponent,and thus

x3 
 1 andmay be omitted.The six tuple which was x 


� x0 �

x1 �

x2 �

x3 �

x4 �

x5 �

becomesthetuplex 
+� x0 �

x1 �

x2 �

x4 �

x5 �

in �

5. Wherethe old form of the equationDp � x
�


 0 � x �

�

6
�

de�ned a planethrough the origin in �

6, D *p � x
�


 0
� x �,�

5
�

de�nesalessrestrictedplanein �

5. UsingD * rather
thanD, the solutionspacefor the constraintsof a stabbing
line s given in Equation2 may be transformedto de�ne a
volumein �

5. This volumecompletelyrepresentsthespace
of linesbetweenthe two querypolygons.This construction
andmappingis depictedin Figure3aandFigure3c.

Thereare varioustechniqueswhich may be usedto ex-
tracta polyhedralrepresentationfrom severalhalf-spacein-
tersections.We useda version of the double description
method3 to extracttheextremepoints.With this andthehy-
perplaneinformation,it is possibleto constructthefull face
lattice/graphof the polyhedronusinga combinatorialface
enumerationalgorithmsuchasthatpresentedin14. The full
facelatticeis a requirementof theCSGalgorithmpresented
in Section3.2.1.

Wenotethatthepolyhedronde�ned by theintersectionof
thesespacesis, in general,unbounded.We observe thatal-
thoughthe polyhedronis unbounded,the intersectionwith
the polyhedronand the Plücker hypersurface cannot be.
This, the spaceof real lines betweenthe two polygons,is
indeedbounded.It is trivial to capthepolyhedronby adding
additionalconstraintswhichwill notaltertheintersectionof
thepolyhedronwith thehypersurface.

3.2.1. CSGin Plücker Space

To removeanoccluderfrom thepolyhedron,wehaveto �nd
a representationfor it. In thesamefashionasfor the initial
polytope,we maptheedgesof theoccluderto hyperplanes
in �

5 usingtheP andD
* operators.Thevolumeenclosedby

theintersectionof thehalf-spacesdescribedby thesehyper-
planesis used.We maintainthevolumeasa setof oriented
hyperplanes,- . This volumeis unbounded.We depict the
mappingof anoccluderto �

5 in Figure3b,andthesubtrac-
tion of this volumefrom theinitial polytopein Figure3d.

Subtractionof onepolyhedronfrom a polytopein � ve di-
mensionsis a non-trivial task.Givenanalgorithmthatsplits
any polytopeinto two, eachhalf falling on eithersideof a
speci�ed hyperplane,it is possibleto partition a polytope
into a set,or complex, of polytopesthat have at most one
faceincidenton any hyperplaneof - . Thepolytopesof the
complex thatfall within thevolumeenclosedby - canthen
easilybe identi�ed andremoved.An intersectionof the re-
mainingcomplex with thePlückerhypersurfaceprovidesthe
setof linesunblockedby theoccluder- .

This approachis appliediteratively, until eitherthereare
no polytopesleft in the complex, or thereareno occluder
volumesleft to subtract.The former implies that the query
polygonsaremutuallyoccluded,thelatter implies that they
aremutually visible if andonly if at leastoneof the poly-
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Figure3: Plücker-complex construction. (a) A typicalquerysetupbetweentwopolygons(thequadrilaterals),andoneoccluder
(the triangle). (b) A visualisationof the mappingof the edges of the triangle occluder to a volumein �

5. Again, G is a
visualisationof thePlücker hypersurface. (c) A visualisationof themappingof each edgeof thequadrilaterals to forma volume
in �

5. (d) Thesubtractionof theoccludervolumefromthe initial volume. This fully representsthespaceof linesbetweenthe
quadrilaterals that misstheoccludingtriangle.

topes,within the complex, intersectsthe Plücker hypersur-
face.

We use an algorithm similar to the multi-dimensional
polytope splitting algorithm of Bajaj and Pascucci4. The
algorithm requiresthe highestdimensionalelementsto be
boundedpolytopesand the existenceof the full face lat-
tice. The original algorithmmaintainsthe whole polytope-
complex asa singlefacegraphstructure.Eachsplit opera-
tion requiresthe traversalof every d-dimensionalface(for
0 . d / 5). Instead,aftereachsplit, we constructtwo sep-
arate polytopes.This introducesredundancy into the rep-
resentation,sincesharedfacesareduplicated,but we gain
the performanceadvantageof quickly beingableto isolate
which polytopesaresplit, reducingthesetof polytopestra-
versedto thatof thesetof polyhedraincidenton thehyper-
plane.This is alsoknown asthezoneof thehyperplane.To
querywhetherapolytopeintersectsahyperplane,weuse5D
boundingspheresfor aconservativetest.If thistestshowsno
intersection,thenthepolytopeis trivially classi�ed asnon-
intersecting,otherwisetheresult is indicative of a potential

intersection.In thelattercase,anaccuratevertex-hyperplane
sidednesstestis thenusedto determinewhetherany two ver-
ticeslie onoppositesides(or on) thehyperplane.If andonly
if thisprovestrue,will thepolytopeintersectthehyperplane.

3.3. Optimisation Strategies

Thequeryalgorithmis thecoreof our visibility technique.
We have thereforespentconsiderableeffort in developing
optimisationstrategies.Firstly, whensplitting thepolytope-
complex by a setof occluderhyperplanes- , we split only
thosepolytopesthat crossthe boundaryof the polyhedron
describedby - . After eachsplit operation,if one of the
newly createdpolytopesdoesnot intersectthe Plücker hy-
persurface,it is removedfrom thecomplex. This allows the
complex to exist only in the zoneof the Plücker hypersur-
face.

Our secondstrategy is aimed at trivial acceptance.By
castingrays from one polygon to anotherit is possibleto
accepta visible polygonasbeing trivially visible. If a ray
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originating at one polygon reachesanother(without inter-
sectingany occluders),thepolygonis acceptedasvisible. If
no suchray exists, thenwe resortto the exact queryalgo-
rithm.

If a largenumberof raysis castwithoutproving visibility,
it is very likely that theobjectis invisible. In sceneswhere
occlusionculling would be of most use,a majority of the
scenegeometryis invisible. Furthermore,by castingsuf�-
cient rays,a vast majority of the scenethat is visible can
be trivially accepted.We refer the interestedreaderto 16 to
view a strategy for quantifying this likelihood. It is there-
fore of enormousbene�t that thevisibility queryalgorithm
presentedheremanagesto terminateearly whencomplete
occlusionis found.

Our subtractive 5D CSG is more ef�cient if it can re-
move asmany potentialstabbinglines asquickly aspossi-
ble. So,our third strategy is to accelerateearly termination
by analysingthe previously castrays in an attemptto iso-
latethesmallestsetof polygonsthataresuf�cient to declare
thelikely resultof invisibility. Ourapproachis iterative:The
occluderwith thelargestnumberof incidentrays(i.e. those
castin theprevious stage)is subtractedfrom the line-space
volume�rst. The occluderwith the next largestnumberof
incidentrays,excludingthoseraysaccountedfor by any pre-
viouslysubtractedoccluders,is subtractednext. Thiscontin-
uesuntil all rays have beenaccountedfor. Any remaining
occludersarethensubtracted.At any point in this iteration,
if thereis no longeracomplex from whichto subtract,invis-
ibility is establishedandthequerymayterminate.

3.4. Discussionof our Contrib ution

Boththevisibility complex andskeletonhavebeendesigned
as tools for performingexact visibility queriesrapidly be-
tweensceneobjects, asopposedto queriesbetweencellsand
objects. Furthermore,theseapproachesattempttoextractnot
just the qualitative statesof visible or invisible, but alsoan
exactdescriptionof which partsof eachobjectsarevisible.
Their goal is to usevisibility primarily for accurateillumi-
nationsimulations,whereasoursis from-region qualitative
per-polygonvisibility.

Our visibility queryalgorithmis essentiallya directcon-
structionof a localisedsubsetof the visibility complex. It
is moresuitedto queries,sincethe constructionis local to
thepair of polygonsin question,andis sensitive only to the
smallestnumberof occludersnecessaryfor occlusion,asop-
posedto sensitivity in thenumberof visibility interrelation-
shipsbetweenall occluders.

Durandet al.12 presentanon-demandconstructionof the
visibility skeleton.Theconstructionof theskeletoninvolves
an explicit combinatorialiteration throughthe variousele-
mentsof thescenegeometry, in orderto constructthelower
dimensionalelementsof the complex. As for the visibility

complex, this computesmorethan is requiredfor our pur-
poses,namely the visibility relationshipsbetweenall the
occluders.The skeletonconstructionalgorithmcanalsobe
adaptedto terminateearlywhenanobjectis foundto bevis-
ible. As we have shown, this is generallyunlikely for the
scenesin which we aremost interested.The lack of topo-
logical information in the skeleton(due to the ommission
of thehigherdimensionalelements)makesit impossibleto
gaugewhetheranobjectis invisibleduringconstruction.In-
visibility mayonly beascertainedwhenthewholeskeleton
(relative to thequerypolygons)hasbeenconstructed.

As for the visibility-complex, the Plücker hyper-plane
arrangement21 is a superstructureof thestructurecomputed
by our queryalgorithm.Therespective combinatorialcom-
plexities of this hyper-planearrangementandthevisibility-
complex are O � n4 logn

�

andO � n4
�

. Two lines are de�ned
to bein qualitativelydistinct regionsif they arebothpassed
by thedirectedlinesextendedfrom thescenepolygonedges
in thesameway. ThePlücker hyper-planearrangementen-
codesall qualitatively distinct regions of line space(the
visibility-complex accountsfor line segments).A necessary
implicationof this,is thatif two linesfall in thesameregion,
thenthey muststabthesamepolygons.

To put our algorithm into context, we only computethe
subsetof qualitatively distinctregionsrelatingto linesinter-
sectingour pair of query polygons.This is explicit in our
initial polytopeconstruction.For our purposesit is alsoir-
relevanthowa region of line spaceis blocked(i.e. by which
occluders).We are only interestedin if it is blocked. By
subtractingblockedregions,ratherthansimplyenumerating
them,we avoid thecomputationandinternalrepresentation
of furtherre�nements.

The �rst advantageof our algorithm,is that it terminates
early in the most commoncase.Secondly, for all but the
mostcontrived of scenes,the combinatorialcomplexity of
the information in which we are interested,is very much
smallerthan that of global visibility techniques.Our algo-
rithm exploits this fact, and is sensitive to this lower com-
plexity. Experimentally, Durandnotedthattheaveragetime
complexity for theconstructionof thevisibility skeletonap-
pearsto beO � n2 0 4

�

. Sincewe computesigni�cantly lessin-
formation,we expect the averagecasetime complexity of
the query algorithm to be signi�cantly lower. We demon-
stratethis experimentally(seeSection5).

4. Query Ar chitecture

The objective of our architectureis to group polygonsto-
gethereffectively, so thatclustersof polygonsmaybeclas-
si�ed usingthefewestpossiblequeries.Wealsowishto take
advantageof previously computedresults.

Our approachis most similar to that of Koltun et al.19.
Onceagain,thissolutionis for themuchsimpler21

2D prob-
lem. We usediscretesamplingasa heuristicfor determin-
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ing anef�cient orderof subtraction.Our architectureis also
somewhat differentin that it takesadvantageof previously
computedresults.We believe this last techniquecould fur-
therenhancethealgorithmof Koltun et al.

4.1. Cluster Queries

Therearemany waysto orderascenehierarchically. Wetake
advantageof naturalscenecoherenceandusea simpletwo
level hierarchy, wherethesceneconsistsof a setof objects,
which in turn consistof individual polygons.If objectsare
very large(basedonavolumeandpolygoncountthreshold),
we split theminto separateobjects.

From a source view cell (an elementof a partitioned3-
dimensionalcameraspace),we �rst querytheboundingbox
of an object.If the boundingbox is invisible, thenclearly,
all its containedgeometryis alsoinvisible. If, however, the
box is determinedto bevisible, thenthegeometrycontained
may be consideredpotentiallyvisible from the sourcecell.
The truevisibility statusof eachchild may thenbequeried
individually (from eachsideof thesourcecell).

The sourcecell to boundingbox query is effectively the
combinationof thequeriesbetweenall pairsof facesof the
two boxes.Thereare36 possiblepairings;however, back-
faceremoval will quickly rejectmostof theseasmutually
invisible.If all sideto sidequeriesreturn“invisible”, thenthe
objectboundingbox is invisible. If onesuchpairingreturns
“visible”, thentheobjectboundingboxis consideredvisible.
It is suf�cient to terminatethepairqueryingearlyif visibility
betweenany onepair is shown. However, in thenext section
we will seetheadvantageof completingthis query.

4.2. Parent Line-spaceReuse

If theboundingbox of a targetobjectis visible, andwe al-
low the completionof all side to side query pairs,we ef-
fectively have a representationof all un-obstructedline seg-
mentsoriginatingfrom thesourcecell andterminatingonthe
target box. This may be visualisedasa similar structureto
Teller's anti-penumbra30. By extendingtheseline segments
(anti-penumbra)throughtheboundingbox, we have theset
of linesfor whichit is necessaryfor any visibleobjectwithin
theboundingbox to intersect.

Thisallowsafast,conservative,but relatively accuratere-
jectiontestto beapplied:Eachpolygonwithin thebounding
box is transformedto its hyper-planerepresentationin the
Plücker coordinatesystem,andif eachpolytopeof thepre-
viously computedcomplex (for theboundingbox) doesnot
intersectthepolyhedronde�ned by this transformation,then
thepolygonis necessarilyinvisible. This canbeef�ciently ,
but conservatively, computedby testingto seewhetherev-
erypolytopecomplex fallsexterior to at leastonehalf-space
de�ned by thetransformedpolygon.Any polygonsthatpass
this testwill have to bequeriedindividually.

4.3. Virtual Occluders

During the processof computing the visibility statusof
boundingboxes,opportunitiesarisewhereit is possibleto
extract“virtual occluders”.As coinedby Koltunetal.18, vir-
tualoccludersareoccludersthatarenotpartof thegeometry,
but still representa setof blocked lines.We observe that if
thesideof aboundingboxis determinedto beinvisible from
asourceview cell, it maythenbeusedasanoccluderfor any
objectbehindit. In fact,if thewholeboundingboxof anob-
ject is invisible, thennoneof the polygongeometrywithin
needbeincorporatedasoccluders,sincetheboundingbox is
suf�cient. In truth, theboundingbox is more thansuf�cient,
sincea boundingbox occludesat leastaslargea volumeof
line-space,asthegeometryit contains.

By processingthe sceneobjectsin an approximatefront
to backorder, it is possibleto fully exploit this feature.This
is key to our algorithm's outputsensitivenature.Geometry
behindthe nearestoccluded“layer” (with a similar conno-
tation to thatof Klosowski andSilva17), is quickly rejected
sincetherelatively largesizeof thevirtual occludersimply
thatonly very few occluderarenecessaryto con�rm invis-
ibility . Outputsensitivity persistsaslong asthequeryalgo-
rithm canusevirtual occludersfor trivial rejection(asours
does).

5. Resultsand Discussion

Wehaveimplementedtheexactvisibility queryalgorithmof
Section3 andintegratedit into thearchitectureproposedin
Section4. We presentthe resultsobtainedfrom testingour
algorithmon two differentrepresentative scenes.

Firstly, we testedthe algorithmon a town scenedepict-
ing the geometryof a small 16th centurytown. The scene
consistsof 1.33million trianglesandincludesseveralhighly
detailedcomponentobjectswhich arevisible throughdoors
andwindows. This sceneis fully 3-dimensionalin nature.
Oursecondsceneis theforestsceneusedby Durand10. This
sceneconsistsof 1.45million triangles,organisedinto 1450
treeseachwith 1000triangles.This representsa muchmore
dif�cult sceneto cull. In termsof the algorithmpresented
here,it is anextremecase,sinceocclusiononly occursasthe
aggregateof a large numberof trianglesandconsequently
subtractionson thePlücker dualpolytope.SeeFigure5 for
screen-shotsof thesescenesshowing the outputof our im-
plementation.

For the town scenewe choosea uniform subdivision of
cells. The basegrid is a 32x32partition of the baseof the
boundingbox, andwe considertwo suchlevels, for a total
of 2048cells.Thisselectionof cellsshouldcover thecamera
view-spaceusedin any reasonablewalkthroughapplication.
16384(32x32x16)suchcellswould fully partitionthescene
boundingbox.For theforestscene,we applya 20x20parti-
tion for compatibilitywith Durand.

We executedthe testson a dual Pentium4 1.7Ghz,and
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solvedfor distinctcellsin parallel.For bothsceneswe have
culledandtimedthevisibility of a randomselectionof 100
cells.For thetown andforestscenewe considereda full so-
lution to be one consistingof 2048 and 400 cells respec-
tively. Thesetimings,arepresentedin Table2.

Scene Time/Cell Culling Full solution

Town 2min 33sec 99.45% 3 days15hrs
Forest 10min30sec 99.12% 2 days22hrs

Table2: Experimentalresultsummary.

To solve for thewhole town scene,would require3 days
and15 hourson our PC. Similarly, the forestscenewould
take 2 daysand 22 hours.Suchrequirementsare high by
the standardsof mostexisting approximateor conservative
algorithms,but the preprocessis a onceonly cost, and is
more than offset by the advantagesof our approach.Note
thelargedegreeof culling achieved(Table2).

When only a single workstation is available for pre-
processing,this algorithmcanbeusedasa �nal andperma-
nentvisibility solutionappliedaftera largemodelhasbeen
fully generated;asanaccuratesolutionfor smallermodels;
or astheonly possibleacceptablesolutionfor dif�cult mod-
els.

Weadvocatetheuseof thisalgorithmonmachineclusters,
whichareoftenreadilyavailable.It is easyto paralleliseour
technique,sinceeachcell canbesolvedindependently. The
computationis very looselycoupled,makingit suitableeven
for informalclusterswith a low bandwidthinfrastructure.

The scalabilityof visibility pre-processingalgorithmsis
of crucial importance.Therun-timeof our algorithmis de-
pendentontheparticularscenein termsof thenumberof vis-
ibility queriesperformed,andthe time taken to solve these
queries.

The visibility query algorithm quickly rejectsoccluders
which fall outsideof the spaceof lines betweenthe query
polygons. During line spacesubtraction,it also quickly
rejectsoccluderswhich have alreadybeenaccountedfor.
Hencethereis little correlationbetweenthenumberof poly-
gonsin thesceneandthetimecomplexity of thequeryalgo-
rithm. In orderto quantify time complexity, we have devel-
opedanalternative measure,namelythenumberof effective
occluders subtracted.

An effectiveoccluderis an elementof the setof occlud-
ersgeneratedby the ray-castingperformedin Section3.3.
This setapproximates(oneof) thesmallestpossiblesetsof
occludersrequiredto block thetotal occludedline space.

Wetimedapproximately48000visibility queries,running
onasingleprocessor. For eachof thesewecountedthenum-
ber of effective occluders,andcomputedthe averagetime
taken to query this many effective occluders.We useda

least-squares�t, andfound thegrowth to be in theorderof
O � m1 0 15

�

. This is depictedin Figure4a.To increasethecon-
�dence of our �t, weexcludedtimingscorrespondingto less
than5 samples.Thedataresultingfrom this noisereduction
is plottedin Figure4b. Wenotethatthisexcludesmostof the
largerqueries,sincetheseareinfrequent.We furthernotea
distinct in�ection wherethe numberof effective occluders
is 30. Furtherinvestigationhasshown the causeto be that
at this point, the storagerequiredby our polytopecomplex
becomeslarger thantheL2 cacheof our testmachine.This
behaviour is reproducedwith both the town andthe forest
scene.Fitting two curves,onefrom 0 to 30,andonefrom 31
to 57,weobserve theorderto beO � m1 0 15

�

andO � m
�

respec-
tively. The secondcurve pertainsto a larger, hardware in-
ducedconstant.Givenour justi�cation for anticipatingsuch
a result(seeSection3.4),we do not expectthis complexity
to vary signi�cantly for any realisticscene.

To estimatetheglobalscalabilityof ourapproach,wecon-
sider�rst thecomplexity of anaïvesolution,wherevisibility
is computedfor a singlecell by simply queryingevery sin-
gle polygon.This would requiren queries.At most, each
querymay begiven n

�

1 polygonsasinput, and�nd each
of theseto beeffective occluders.This givesa computation
costof O � n2 0 15

�

. For a real scene,n
�

1 effective occluders
is highly unlikely. For our forestandtown scenes,we have
foundthemaximumnumberof effectiveoccludersto be472
and250respectively, whereastheaveragenumberof effec-
tive occludersarerespectively 3.6 and1.7 perquery(recall
thatlargevirtual occludersareused).

If we let, m bethemaximumnumberof effective occlud-
ers requiredin any query for a particular scene,then we
can expect a complexity of O � nm1 0 15

�

, where in practice,
m .1. n. This algorithmis alreadyscalable,however, by in-
corporatingour generalarchitecture,the numberof queries
cantypically begreatlyreduced(approx.55000queriesper
cell for the forestsceneandapprox.42900queriesper cell
for the town scene).Furthermore,m is anupperbound.We
cannotgive a full depictionof our algorithm's averagecase
performance,sincethis would bea complex functionof ge-
ometricdistribution,cell con�gurationandscenesize.Such
a statisticalanalysisis beyond the scopeof this paper. It is
clear however, that the averageorder is below O � nm1 0 15

�

,
therebyshowing scalability.

The signi�cant run-timesof our experimentscanbe ex-
plainedasalargeconstantfactorintroduceddueto theinitial
complexity of theexactqueryalgorithm.Indeed,the initial
polytopeof a querytypically consistsof hundredsof faces.

Returningto thenumberof queriesperformed;for thefor-
estscene,the outputsensitivity of our algorithm(seeSec-
tion 4.3) results in approximately97% of the preprocess
computationtimebeingspentonthe�rst, andthereforenear-
est, 8% of the scene.For generalhigh depth complexity
scenes,we canexpectthe dominantcomponentof the run-
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(a) (b)

Figure 4: Time vs.Effective occluders.(a) Theaverage timefor queriesconsistingof varyingnumbers of effectiveoccluders.
The�tting curveshowsgrowthof theorderO � m1 0 15

�

. Theaveragedistancefromthe�tting curveto thesampledatais 1285(ms).
(b) Thesamedata setas for (a), however thoseaveragescomputedwith lessthan 5 samplesare excluded.A two curve�t is
applied,showingO � m1 0 15

�

growthup to 30 andO � m
�

to 57.Theaverage distancefromthe�tting curveto thesampledata is
38(ms).

time complexity to be a function of what is visible. Thus
illustratingtheoutputsensitivity of ouralgorithm.

6. Conclusion

We have presenteda tractableexact visibility query algo-
rithm andeffectively integratedit into an architecturethat
allows for theef�cient, outputsensitive computationof ac-
curatefrom-region visibility.

Our solutionto thevisibility problemcanbeusedto ob-
tain the smallestpossibleset of visible polygons(for the
givenpartition),while makingnosacri�ce in imagecorrect-
ness.This is the�rst general3D solutionthatallowsfor both
optimalrun-timeperformanceandcorrectness.

Sinceit is anexactsolution,wecanexpectoursolutionto
be slower than that of approximate/conservative solutions.
Our testscon�rm this.Fortunately, thealgorithmis scalable,
implying thatif thehighconstantcostof thealgorithmis by-
passed,eitherby simply acceptingthe run-time,or through
amortisationvia a distributed solution, then an exact and
practicalsolutionto the from-region visibility problemhas
beenfound.

6.1. Futur eWork

Weintendto furtheranalysethetimecomplexity of thegen-
eralalgorithm.Weintendto cataloguethequalitativedistinc-
tionsof line spacewhich aremadein globalvisibility struc-
tures,but not within our queryalgorithm.We believe such
combinatorialanalysiswill leadto tight theoreticalbounds.
Needlessto say, wewill continueto investigateperformance
enhancementstrategieswhich mayreducetherequiredrun-
times.
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Figure5: Algorithm results. Thetop image showsa view of our townscene, while thebottomimage showsa view of theforest.
In bothimages,theyellowblock correspondsto a view-cell.Thegeometryvisiblefromtheview cell is renderedin green,while
occludedgeometryis renderedin red.
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