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Abstract

Despitetheimportanceof from-region visibility computatiorin computergraphics,ef cient analytic methodsare
still lacking in the geneal 3D case Recentlydifferent algorithmshaveappeaed that maintain occlusionas a

comple of polytopesn Pliicker space However, they sufer fromhighimplementatiorcompleity, aswell ashigh

computationabnd memorycosts limiting their usefulnesi practice

In this paper we presenta new algorithm that simpli es implementatiorand computationby opefating only
on the sleletonsof the polyheda insteadof the multi-dimensionaface lattice usually usedfor exact occlusion
queriesin 3D. Thisalgorithmis sensitiveto compleity of the silhouetteof ead occludingobject,ratherthanthe
entire polygonalmeshof eat object.An intelligentfeedbak medanismis presentedhat greatly enhancegarly
terminationby seaching for apertues betweenquery polygons.We demonstate that our techniqueis several

timesfasterthanthe stateof theart.

CatgyoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.3[ComputerGraphics]:ExactVisibility Culling

1. Intr oduction

The from-region visibility problemrefersto the determina-
tion of the setof 3D primitives visible from a volumetric
regionV, througha setof polygonaloccludersO;. Thisis a
centralproblemin mary computegraphicsalgorithms such
asglobalillumination andocclusionculling.

The mostdirect applicationof a from-region visibility so-
lution is the computationof PotentiallyVisible Sets(PVS)
[ARB9(]. The navigable spaceof a sceneis decomposed
into volumetricview cells while the objectsthatarevisible
from eachview cell arecomputedusingfrom-region visibil-
ity techniqguesandstoredin the PVS datastructure During
an interactize explorationof the scenepnly the objectsas-
sociatedwith the view cell containingthe cameraposition
needto bedravn. This canleadto notablespeedyainswhen
displayingsceneswith high overdrav sincethe numberof
objectsvisible from eachcell is usuallymuchsmallerthan
thesizeof thedatabase.

Until recently analyticfrom-region visibility algorithms
have beenconsideredmpracticaldueto the costsinvolved
andmary alternatve solutionshave beenproposed:
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Conserative solutiong LSCOO03 usuallymake simplify-
ing assumptiongor computationakf ciency, but almost
alwaysoverestimatehevisibility.

Aggressie solutions[NB0O4] are typically basedon a
samplingprocessThey arefastandsimpleto implement,
but the sampling practically always underestimateshe
visibility, leadingto errorsin the outputimage.

Detailed sureys aboutconserative and aggressie occlu-
sionculling methodscanbefoundin [COCSD02PT03.

Analytic approachewere rst introducedor 2D andZ% D
scenes[KCoC01, BWWO01]. Recentworks have demon-
stratedthat analytic computationis also possiblein 3D by
formulatingvisibility in Plicker spacg NBG02, Bit02]. In-
steadof solvingthe from-region visibility problemdirectly,
thesemethodsreplaceit by several simpler from-surfice
visibility problems.Sinceary visible ray originating from
the region intersectsone of its boundaryfaces,the set of
primitives visible from the region is equalto the union of
the primitives seenby its boundaryfaces(and the primi-
tives containedin the region), shaving that the problems
can be solved by using only from-surface techniquesUs-
ing this obseration, existing analytic3D methodscompute
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the from-surfice occlusioninformation by using CSG op-

erationson polytopes(i.e. boundedpolyhedra)in Plicker

spaceHowever, currentmethodshave a considerableom-

plexity bothin termsof computatiortime andimplementa-
tion. In practice thesedravbackshave preventedthemfrom

beingadoptedby the computergraphicscommunityandin-

dustry In this paper we addresgheissuesof previous ana-
lytic from-regionvisibility methoddy developingasimpler

more ef cient and more robust mechanisnmfor computing
thevisibility queries.

1.1. Contrib utions

Low dimensionalalgorithms in Pliicker space: We shawv

thatmaintainingtheocclusionin Plucker spaceonly requires
maintainingthe 1-sleletonof the polytopes(i.e. the vertices
andtheedgeof thepolytopes)insteadf thefull facelattice
usedin previouswork (Section3).

Ef cient polygon-to-polygon occlusion query: We em-
ploy the low dimensionalalgorithmsin the contet of
polygon-to-polygorvisibility query andcombinenew tech-
niquesto furtherenhancehe ef ciency (Section4):

we proposethe casting of rays into the aperturesleft
by the alreadyprocesseaccluders By constructionthe
methodquickly detectsary aperturesxisting betweerthe
polygons,andallows an early terminationof the queryin
thecaseof mutualvisibility. Theraysarealsousedfor oc-
cluderselection to ensurethat eachoccluderwe process
will block somepartof thenotyet processedine space
we proposeanew occluderfusionmechanisnspeci cally
designedto pair with the Plucker-spacemappingof the
visibility query By discardingthe occluders edgesthat
arenot part of the from-region silhouetteswve shaw that
mary redundantomputationganbe avoided.

Therestof the paperis organizedasfollows. After pre-
sentingthe generalprinciple of previous analytic visibility
approachesn Section?2, the low dimensionalalgorithms
aredescribecandusedin a hen polygon-to-polygorocclu-
sionqueryframavork in Sections3 and 4. We evaluatethis
framework in Section5 andconcludein Section 6.

2. Analytic from-regionvisibility

2.1. Intr oduction to Pliicker coordinates

Let | be an orientedline in the 3D Euclideanspace 3,

passing rst throughpoint P px py pz and thenthrough
pointQ gx gy gz . Thisline is parameterizedh the Pliicker
spaceby the PIUclercoordinatesp} :

PO Ox P

% @ Py

kP @
P3  QzPy QyPz

Py OxPz GzPx

P ayPx  Gxpy

Thecoordinateganbeinterpretedn two ways:
as the homogeneous coordinates of

| Po PL Ph Ph Py Ps

asthecoefcients of anhyperplane, of equation

a point

H P phxa Psxe PoXs Pixa Poxs O (2)

It is importantto note that the Pliicker spaceis a pro-
jective space 5, which meansthatthe Pliicler coordinates
areequivalentwithin a positive multiplicative coefcient de-
pendingon the choiceof P and Q to de ne the line. The
pointl of 5 canbeseenasaray throughthe originin 6

andH, asanhyperplanecontainingthe origin in

Let Ha be the dual hyperplaneof the orientedline a and
b thedualpointof the orientedline b. The sign of the ex-
pressiorHa b , givestherelative orientationof thelinesa
andb in 3D space S 1fHab 0 thelinesareskew and
passeachotherin the left handedway. If Ha b 0, they
areskew andright handedorientedIf Ha b 0,thelines
intersecteachother All linesin 3 mapto pointsin 5, but
theopposites nottrue. Theonly pointsin Sthathave acor-
respondencen 3 belongto a manifold, calledthe Pliicker
quadric,givenby theequation

G Hyx 0:x ° 0 3)

The Plicker quadricis a 4D manifold, whose3D analog
would be a hyperboloidof onesheetThe otherpointsin 5
correspondo lines with imaginarycoefcients that do not
existin 3.

2.2. Generalprinciple of analytic visibility

Thefrom-surfacevisibility problemrefersto the determina-
tion of thesetof polygonalprimitivesof ascenehatarevis-

ible from the polygonalsurfaceSthrougha setof polygonal
occludersQ;. In the caseof occlusionculling, Sis theface
of aview cell andR is atargetof thevisibility query:e.g.,a

sceneprimitive or a faceof a boundingbox. We call a stab-
bing line an orientedline thatintersectsa setof polygons.
Let R be a corvex polygonalsceneprimitive. To determine
if Ris visible from atleastonepoint of S, analyticmethods
representhe setsof lines betweenS andR aspolyhedrain

dualspace(seeFigurel). The setof lines stabbingsimulta-
neouslyS andR is representedby the polyhedron SR.

Eachoccluderinterceptsasetof linesthatcanalsoberepre-
sentecby thepolyhedron ; SR.

Thecorvex polyhedron i containghesubsetf lines
stabbingSandR, andblocked by O;.

The non-cowex polyhedron i containsthe set of
lines stabbingS andR, andnot blocked by O;. To avoid
dealingwith anon-cowex polyhedrat is usuallysplitinto
corvex parts,forming togethera comple of convex poly-
hedra(in the restof the papera complex  designates
setof corvex polyhedra ;).
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The setof linesthatarenot blocked by a setof n convex
occluderd0; arecomputedby successie subtractiorof the
n occluderpolyhedra ; from
Theresultis maintainedasa comple of polyhedra , rep-
resentinghe setof linesthatarenotblocked by the already
processedccludersThe subtractioroperationitself is per
formedby splittingthepolytope bythehyperplanesf i,
andthesubsebf thatis locatedinside j is eliminated.

B B

Figure 1l: (a) Thepolytope |, representingn primal space
thesetof linesstabbingthequerypolygons(b) Theoccluder
O; blodksa setof lines. (c) Thecomple 1 2 con-
taining the resultof the opemtion i. In primal space
it representghe setof linesthat were not blocked by the oc-
cluderG;

If thepolytope become®ntirelyeliminatedby thesub-
tractionof a setof polytopes i, Ris hiddenby the setof
occluders0;. Otherwise someunblocled lines exist and R
is visible from S (seeFigure?2).

Figure 2: After all the occludes havebeenprocessedthe
remainingcomplex representsthe setof lines that havenot
beenblocked.

In 2D, the dual spaceis alsotwo-dimensionaland ef -
cientalgorithmsexist [KCoC01, BWWO01]. In 3D, the prob-
lem is more involved becausehe dual spaceis the ve-
dimensionaprojective Plicker spaceThetransformatiorof
the probleminto this dual spaceis obtainedby usingequa-
tion (2) to transformthe lines containingthe edgesof the
scenepolygonsto hyperplanesn Pliclker space(seeFig-
ure3). It canbeshavn thatthe setof stabbinglinesthrough
onepolygoncanberepresentetty a polyhedon (i.e.anun-
boundedcorvex region of space),and the setof stabbing
lines betweentwo polygonscan be representedby a poly-
tope (i.e. a boundedpolyhedron)[Nir03] (the edgesof the
query polygonsmust be orderedso that ary stabbingline
b passeshemwith the samerelative orientation).In both
casesthe setof stabbinglinesis representethy the portion
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, usingCSGin dual space.

of the Pliicler quadricdelimited by the polyhedron.n par
ticular, thedualpointb of the stabbingline b is locatedon
the Plicler quadricsurfaceandinside the polyhedron.The
intersectiorpointss of the edgeswith the Plicker quadric
arethe extremal stabbinglines of the polygons[Tel92. In
3D, theline sis incidenton four polygonsedges(or more
in degeneratecon gurations)(seeFigure 3). A subtraction
operationcanpossiblycreatea polytopethatdoesnotinter-
sectwith the Plicker quadric:this polytopecanbe deleted
becausé doesnot containary realstabbindines[Pu9g.
The next sectionpresentghe previous analyticfrom-region
visibility techniquesisingthesegeneraprinciples.

Pliicker Quadric (4D)

3D Space

Plicker Space

Figure 3: Correspondencbetweer8D and Pliicker Space
(Note: this is an evocationof the reality, becausehe dual

Plicker spaceis actually ). Theinitial polygonedgesare

mappedo hyperplanesn Plidker space Thelinesincident
onfour polygonedgesare the extremalstabbingliness. The
curvesonthePliicker quadricare thetracesof the 2-facesof

the polytope(i.e. the facesof dimensior2), and correspond
to linesincidenton 3 polygonedges.

2.3. Previouswork

In 2D, Koltun et al. proposedto determinethe visibility
of eachgeometricprimitive individually by usingpolygon-
to-polygonocclusionqueries]fKCoCO01. The dual spaceis
alsotwo dimensional,andthe problemcanbe discretized,
which givesthe possibilityto implementthe subtractiorop-
erationwith graphicshardware rasterizationThe polygon-
to-polygonquerymechanisnwasextendedto 3D by Niren-
steinet al. [NBGOZ]. The visibility of a polygonR is de-
terminedby rst constructinga boundedpolytope , repre-
sentingthe setof stabbinglines crossingR andthe source
polygonS. Eachoccluderpolytopeis iteratively subtracted
from . The polygonsS andR are proven to be hiddenif
getscompletelyremoved. The authorsproposeda frame-
work including several optimizationsfor PVS computation.

Bittner et al. representall the unblocled rays leaving
the querypolygon. The approachwas rst proposedn 2D
[BWWO01] andthen extendedto 3D [Bit02]. The raysare
encodedn anocclusiontree[BHS99, whichis a BSPtree
in Pliicler space Eachinternalnodecontainsa hyperplane
equationthatcorrespondso the edgeof anoccluder A leaf
noderepresentgitheranunblocledregion of Pliicker space
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(out-leaf) or a blocked line region (in-leaf). The occlusion
treeconstructiomecessitateafront-to-backorderingof the
occluders A boundedpolytope ; is constructedor each
occluderQ;, representinghe setof stabbinginesintersect-
ing O; and the sourcepolygon S. The polytope ; is |-
tereddown in the tree,from the root to the leafs. Eachin-
ternalnodesplitstheinitial polytopeinto two fragmentghat
areprocessedh the nodes two subtreesWhena fragment
reachesan out-leafnode,the nodeis replacedby a subtree
constructedrom the polytopes hyperplaneslf anin-leafis
reachedthe fragmentis eliminated.After all the occluders
have beeninsertedtheocclusiontreescanbeusedto testthe
occlusionof the geometrigorimitivesof the scene.

Recently Mora et al. [MAMO5] proposedo reducethe
fragmentationof the polytope comple, induced by the
methodof Nirensteinet al. [NBG0Z], by detectinganddis-
cardingtheredundansplit operations.

Theexisting methodsndicatethatrepresentingheocclu-
sion by a complex of polytopesin Plicker spacerequires
two fundamentabperationsthe creationof a polytoperep-
resentinghe setof linesstabbingwo polygons,anda poly-
topesplit algorithmto performthe CSGoperations.

The polytoperepresentinghe setof lines stabbingtwo
polygons was obtainedfrom a vertex enumerationalgo-
rithm [AF96€] in all thepreviousapproachegheedgeof the
polygonsaretransformedo hyperplaneshatcorrespondo
thefacetsof the polytope.Fromtheseequationsthe vertex
enumeratioralgorithm outputsthe 1-skeleton of the poly-
tope.In histhesisNirensteinproposed directconstruction
algorithm,but noimplementatiorwasevaluated Nir03].

Thepolytopesplitsarealsoperformedusingavertex enu-
merationalgorithm in [Bit02]: the two polytopesare ob-
tainedby addingthe splitting hyperplando thelist of facets
of the initial polytope.In [NBGO0Z, Nirensteinet al. pro-
poseda moreefcient split algorithmadaptedrom [BP94,
basednthefacelattice of the polytope[FR94. A polytope
split consistof iteratingthroughall the k-facesof the poly-
topein all dimensionsstartingwith the 1-dimensionafaces
and nishing with the d-dimensionafaces,andperforming
symbolicandnumericalcomputatioronthe polytopes face-
lattice. This split operationwasalsousedin [MAMO5].

3. Low dimensionalalgorithms in Plicker space

Maintainingvisibility relationshipsn Pliickerspaceequires
two fundamentabperationsa polytopesplit procedureand
the creationof a polytoperepresentinghe setof lines stab-
bing two polygons.In this sectionwe proposenew algo-
rithmsfor performingthesetasksusingonly the 1-skeleton
of the polytopes(i.e. their verticesand edges)andthe com-
binatorial descriptionof their vertices(i.e. thelist of facets
they belongto).

This approachs conceptuallysimilar to the introduction

of the Visibility Skeletonfor global visibility computation
[DDP97, insteadof the Visibility Complex [DDP9§. How-
ever, this comparisoris not entirely correct,becausehe 1-
skeletonof the polytopescontaingdifferentinformationthan
the visibility skeleton.The visibility skeletonencodeghe
critical swathg(i.e. thesurfacesdelimitingthevisibility dis-
continuities)and the extremal stabbinglines, while the 1-
skeletononly encodeshe extremalstabbinginesexplicitly.
However, they arestill groupedinto polytopescorrespond-
ing to higherdimensionatellsof thevisibility complex: this
lattercanstill bereconstructeffom the 1-skeletonrepresen-
tation.

Section3.1 gives a generald-dimensionapolytopesplit
algorithm. In section3.2, we shav how to constructthe
1-sleleton of a polytope in Plicker spacefrom its in-
tersectionwith the Plicker quadricrepresentinghe set of
linesstabbingtwo corvex polygonsSandR. A polygon-to-
polygonocclusionquery framework, basedon top of these
algorithms,is presentedn the section.

3.1. d-dimensionalpolytope splitting algorithm

Let beaboundedolytopein d Hi the hyperplanesup-
portingits faceti, V; oneof its verticesandE V; V; oneof its
edgesWe split this polytopeby the hyperplaneHs to obtain
thetwo polytopes  and

Figure 4 shaws an illustrative examplein 2D, in which
casethe corvex polytopeis a corvex polygon,andits facets
areequalto its edgesWe indicatewith eachvertex its com-
binatorialdescriptionNotethatthealgorithmis identicalre-
gardlesf thedimensionalityof the polytope.The splitting
algorithmis divided into 3 steps:classi cation of the ver-
tices, splitting of the edges,and nally linking of the new
vertices:

Step 1: The rst stepis to classify eachvertex V; as
-] E| , with respecto its relative positionwith the
hyperplaneHs. The vertices -] arecopiedinto a new poly-
tope ,whilethevertice arecopiedin anew polytope
.If avertexin  belongsto Hs, it is classi ed E| and
addedto and . Hsis addedto the combinatorialde-
scriptionof thevertex.

Step 2: For eachedgeE Vm Vi linking two verticesVm
andVn of differentsigns,a new vertex Vs, IabeledE|, is
addedat the intersectionof the edgeand of the hyperplane
Hs. The combinatorialdescriptionof this vertex is equalto
the combinatorialdescriptionof the edgeE Vim Vn , aug-
mentedby the hyperplaneHs. The split edgeE Vm Vh of

becomegheedgeE Vm Vs of andthe edgeE Vs Vh
of . Theedgesof linking two vertices[=] (resp.[+])

areduplicatednto (resp. ).

Step 3: The last stepcreateshe newv edgesof and
. All theseedgesarelocatedon the hyperplaneHs, and
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link togetherverticesequalto [=]. We usethe combinato-
rial descriptiorof thevertices|E| to createthenew edgeslf
the polytopeis simple, the verticeslabeled = | thatmustbe
linked by anedgearethosethathaved 1 commonfacets
(d-1is equalto 4 in Plicker space)in their combinatorial
description Whenthe polytopeis not simple,the edgescan
have morethand 1 facetsin their combinatorialdescrip-
tion. In thatcasea new edgeis createdonly if thecommon
facethyperplaneintersecin aline (i.e.thematrixbuilt from
theirequationgs of rankd  1).

(© (d)

Figure4: (a) Thepolytope . (b) Thel-sleleton of .(c)

with respectothesplitting
afterthesplit.

Classi cationoftheverticesof
hyperplaneHs. (d) and

3.2. Constructing the stabbing lines betweentwo 3D
polygons

In previous works [NBGO02, Bit02], a vertex enumeration
algorithmis usedfor the constructionof initial polytopes.
The approachis the most generalpossible,and is much
slower thana dedicatedalgorithm,sinceit doesnottake the
speci c¢s of the probleminto account.Furthermorethe ap-
proachis very sensite to numericalimprecision,anddoes
not always producea correctsolutionin particularpolygon
con gurations.In contrastour approachs basedon the ex-
plicit constructiorof theextremalstabbindinesbetweerthe
two polygons,andalwaysproducesa valid result. A similar
methodwasmentionedn [Nir03] andin [MAMO5], butwas
neitherevaluatednor detailed.

Let Pls and PIr be the oriented planescontainingthe
querypolygonsS andR respectiely. Beforecomputing ,
we rst clip Swith Plgr andR with Plg, andkeepthe parts
of the polygonslocatedon the positive side of the splitting
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planeslf oneof the polygonsis remaoved completelyin the
clippingstagenostabbindinesexist, andthepolytopeis the
emptyset.Otherwiseline r is computedastheintersection
of PlsandPIR (seeFigure5). (Note:if Pls andPl; areparal-
lel,r isequalto 000 nx ny nz,withnnk ny nz
thenormalof Pls.)

Figure5: Initial querypolygonscon guration. Theliner is
theintersectionof planesPls andPIr. All theedgesof Sand
Rareincidentonr.

The edgesof the query polygonsare mappedto hyper
planesn Plicker spaceandform aprojective polytope.Af-
ter its projectionon an arbitrary projectionhyperplanethe
polytopebecomesnunboundedpyramid'. Theline r maps
to thepointr , whichis the ape of the pyramid, sincer is
theline onwhichall boundingedgesareincident(cf. Figures
5 and6).

Stabbing line set

Stabbing line set %

Pliicker
quadric

(@) (b)

Figure 6: Geometrigoropertiesof polytope . (a) After pro-
jection onto an arbitrary hyperplanethe apex of the pyra-
midr belongsto thequadric.(b) After projectionontoH

r becomes point at in nity. Theintersectionof the ver
tical edgeswith the Plucker quadricare the pointss;; cor-
respondingo the extremal stabbinglines. (Note: this is an
evocation,the polytopeis actually embeddedn an hyper
planein ©. For clarity, we haverepresentecbnly 5 of the
16 vertical edgesthat de ne the polytopein this con gura-
tion).

The pyramid could possiblybe degeneratdf r became
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a stabbingline, but this situationis avoided by the initial
clipping of the querypolygons.Thesetof stabbindginesbe-
tweenthe querypolygonsmapto pointson the intersection
of the pyramid with the Pliicker quadric.The extremalstab-
bing lines are incidentto four edges:they always contain
avertex B of Sanda vertex Pj of R, andarenotedsj. In
projective spacethey mapto therayss;; ontheintersection
of the edgesof the pyramid with the Plucker quadric,and
becomethepointss;; aftertheprojection(seeFigure6 (a)).

Thesplit algorithmin Section3.1requireshe polytopeto
beboundedandwe usethefollowing stepsto transformthe
projective polytopeinto a boundedpolytope.First, we take
a particularhyperplaneH , chosensothatthe pointr be-
comesa point at in nity , correspondingdo the directionr
(thedetailscanbefoundin the AppendixA). Theprojection
ontoH effectively transformshe projective polytopeinto
aprismwith principalaxisr andedgesparallelto the di-
rectionr . Theseedgesarethe vertical edgesof the prism
(seeFigure6 (b)). It is easierto clip this prismthanto clip
anunboundegyramid obtainedwith anarbitraryprojection
hyperplanelndeed,two cappinghyperplanedd. andH; ,
with normalsr and r , areenougtto obtainaclosedpoly-
tope (seeFigure 7). The independentermsof the capping
hyperplanesxing their translation arechosersothatthey
completelyencloseheregion of thePliicker quadriclocated
insidethe prism (the detailsaregivenbelow).

Pliicker
quadric

Figure 7: On the cappinghyperplanesH, andH. , the
two verticesV;; andV;; createdfroms;j shate four hyper
planeswith eat other and with the verticescreatedfrom
S 1S 15 S 1S 1

In Plicker space,a vertex of polytope is locatedat
theintersectiorof ve hyperplanegi.e. we supposehatthe
polytopeis simpleandthatits verticesare containedn ex-
actly ve facetsithis suppositionis valid if SandR do not
containary degeneratededges)Four of thesearethe dual
hyperplanesf the edgef the querypolygonsandthe fth
is oneof the cappinghyperplanesThe vertex positionsare
computedas the intersectionsof the vertical edgesof the
prism andthe cappinghyperplanesThis canbe ef ciently
doneby forming the lines of the edgesfrom the dual points
§; of theextremalstabbindinesandthedirectionr .

An edgeis locatedat the intersectionof four hyperplanes

meaninghattheedgeof the skeletonshouldbe createde-

tween pairs of verticessharingfour hyperplaneqseeFig-

ure7).

The completealgorithmto createthe 1-sleletonof is as
follows: computethe directionr andall the extremalstab-
bing lines 5, aswell astheir dual point ;. Projectthese
pointsontothe projectionhyperplaneo obtains;; . You are

now ableto nd thecappinghyperplane#i; andHc : their
normalsarer and™ r and their independenterms are
computedsothatall the s;; areinsidethe delimited poly-
tope.Let d;j betheorthogonalprojectionof ; ontothedi-

rectionr , computedwith the classicaldot productin 6.
dij §; r . Theindependentermsare the minimum
andmaximumvaluesof all d;j. To ensurethe polytopecon-
tainsall the stabbinglines, they mustbe clampedto 0 (the
mathematicatletailsare out of the scopeof this paper but
this clampingenablesto take the curvature of the Plicler

quadricinto account).

Thencomputeall the verticesV;; andV;; astheinter-
sectionsof the vertical edgespassinghroughthe pointss;

with hyperplanedd; andH. . Thelaststepis to createthe
edgesFor eachextremalstabbingine sj, connect:

vertex V;; andvertexV;; (to form averticaledge)

vertex V;; andverticesV; 1;.V; 1j.Vij 1V 1-

vertexVi; andverticesV; 1;.V; 1.V 1.Vij 1-

4. Fastand Simple Polygon-Polygon OcclusionQuery

A polygon-polygonocclusionquery consistsof determin-
ing whetherthe polygonsS andR arevisible througha set
of convex polygonaloccluders0;. After the constructiornof
the polytope representinghe setof lines stabbingS and
R, the setof lines blocked by eachoccluderare subtracted
incrementally and the resultingpolytopesare storedin the
complex . Previous methods[MAMO5] treateachpolyg-
onal occluderQ; individually and useevery edgeof every
polygonaloccluderas a splitting hyperplanecausinga lot
of extra work. Furthermorethey performpoorly whenthe
two polygonsare partially visible becausethe visibility is
only establishedfterall theoccludersave beensubtracted.
In this section,a new framework, usingthe low level algo-
rithmspresentedh Section3, is proposedo copewith these
problemsWe rst presenthetwo ideasit is basedn: anew
occluderselectiorprocesguidedby visibility (Sectiond.1),
andanew from-region silhouetteoccluderaggrgation(Sec-
tion 4.2). Theframevork combiningtheseadeasis presented
in Section4.3anddiscussedh Section4.4.

4.1. Visibility guided occluder selection

During a query the polytope is split by the hyperplanes
of the occluderedges,and the polytopescorrespondingo
blocked line-spaceregions are eliminated.Eachremaining
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polytoperepresenta subsebdf theinitial stabbinginesthat
are not blocked by the previously processedccluders.In
otherwords,ary line of this subsefpasseshroughanaper
tureleft by theoccludergseeFigure8).

Figure8: i represents setof linesthroughthe apertue
left by theoccludes. mis therepresentativdine of ;.

For eachpolytope j, suchaline mis extractedandin-
tersectedvith the geometrylf m doesnotintersectary oc-
cluders,S and R are mutually visible and the query stops.
Otherwise,the next occluderQ; to be subtractedrom
is selectecamongthe polygonsintersectedoy m. OnceO;
hasbeenchosenits polytope i, however, will not be sub-
tractedfrom every polytopein the complex as was done
in previous work [NBGOZ. Instead, ; is only subtracted
from the polytope ;. Sincethe occluderwaschoserby in-
tersectingthe representate line m with the geometry this
guaranteethat ; containsatleastthe pointm of , and
thattheintersectionof ; and ; is never empty (seeFig-
ure 9). Furthermore gvery subtractionoperationaltersthe
intersectiorof thepolytope  with thePliicker quadric,and
all splits which would not remove ary real stabbinglines
areavoided.In constrasto the methodproposedecentlyby
Mora etal. [MAMO5], the adwantageof this occluderselec-
tion mechanisnis thatthe unnecessargplit operationsare
discardedefor beingperformed.

Figure 9: (a) Evenif the hyperplanesof
thesetwo splitsare redundanbecause
With our ray samplingstrategy, i
theintersectioncontainsat leastm .

i intersect j,
i isempty (b)
i is never empty and

Therepresentage line m of the polytope ; is computed
in Plicler spacewherethepolytopesarecornvex sets rather
thanin 3, wherethey often representomplicatedsetsof
lines(thesdine setsaredelimitedby swath surfaceshatare
not necessarilyplanarnor corvex). In dual space the point
m mustrespecthefollowing constraints:

locatedinside : every linear corvex combinationof its
verticesde nesavalid point.
belongsto the Plucker quadric.

¢ TheEurographic#ssociation2005.

To nd m , we computetwo corvex linearcombinations
of verticeson eachsideof the Plicker quadricthattogether
de ne aline sggment.Theintersectionof this line sggment
with the Plucker quadricis the pointm . If it is not possible
to nd a point for both sidesof the quadric,an extremal
stabbingline is taken asa representatk line (this happens
in degenerateon gurations,whenall the polytope'vertices
are on the same side of the quadric or belong to the
quadric). The problem of selectingone occluderamong
the occludersintersectedoy the line m is solved by using
a line counting stratey, like the one usedin the caseof
randomray samplingin [NBG0Z. Eachoccludermaintains
a counterrepresentinghe numberof representatk lines it
intersectsandthe choseroccluderis the onethatintersects
themostlines. For a given polytope i, only a subsebf the
representage lines is taken into account:the oneshaving
a dual pointinside ;. Of course,every time a polytopeis
deletedjts representatk line is alsodiscardedlt is possible
to reducethe numberof line-geometryintersectiontests
by ‘regscling' the representate lines: each split creates
two sub-polytopesandthe line m canbe usedagainas a
representatk line for oneof them(i.e. for the sub-polytope
locatedon the samesideof the splitting hyperplaneasm ).

4.2. Silhouette occluder aggregation

We de ne the from-region silhouetteasthe setof edgeshat
are from-point silhouetteedgessimultaneouslyfor at least
onepointof thepolygonSandonepoint of the polygonR.
In thecaseof connectegbolygonaloccluderspnly thefrom-
region silhouette edgesof the objects can causevisibil-
ity events(i.e. separateahe Plicler spacebetweenblocked
and free set of lines). The other ones,called the internal
edees are redundantfor the visibility determination(see
Figurel10).

(b)

Figure 10: (a) Theshadedegion representghe setof rays
blodked by the occludes. b and e are internal edges, while
a, c andd are from-region silhouetteedges. (b) Only the sil-
houetteedges haveto be usedto obtain the setof blodked
rays.

Rather than splitting the complex of polytopesby all
the edgesof every occludey it is possibleto avoid mary
redundantsplits by verifying that the splitting edge is
effectively a from-region silhouetteedge.Let e be the edge
that connectghe occluderpolygonsP; and P,. The planes
containingP; andP, de ne a doublewedgewhich delimits
theregionsW, and\W, (seeFigurell).
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@) (b)

Figure 11: The edg e connectsthe occluderpolygonsP;
and P,. The planescontainingP; and P, de ne a double
wedge region. (a) 3D view. (b) 2D view (e is perpendicular
to the sheebf paper).

The wedgeof the from-region silhouetteedgeshave an
intersectionwith both querypolygonsS andR. We deduce
thefrom-region silhouetteedgecondition(seeFigure 12 for
someexamples):

From-regionsilhouetteedge. eis a from-region silhouette
edee if and only if Shasat leastonepointin W, (resp.in
W5) andR haveat leastonepointin W, (resp.in W).

Figure 12: lllustrative exampleof the silhouettecondition.
Theedgesa andb belongto thefrom-region silhouette con-
trary to theedgesc andd.

The from-region silhouetteedgespartition the occluder
meshinto connectegatches (i.e. eachoccluderpolygon
belongsto oneandonly oneF;, seeFigurel3).

@ (b)

Figure 13: Using a connectedpolygonalmeshas an oc-
cluderfor a query (S andR are not shown but they are lo-
catedon both sidesof eac bunny)(a) Classicalappioad:
the polygonalprimitivesare treatedindividually and all the
edees are used. (b) Silhouetteoccluder aggregation: the
polygonsare groupedinto patches,andonly thefrom-region
silhouetteedgesare used.

In our line counting mechanismused for occluder
selection, each patch is consideredan occluder Since
the silhouettesdependon the con guration of the query
polygons,the patchesF, are explicitly extractedfor each
query the rst time a polygon occluderis hit by a ray.
An extractionis a ood- Il traversalof the initial meshs
face-adjacencgraphthatstopswhenfrom-region silhouette
edgesaremet.

4.3. Framework for analytic occlusionquery

Our framework builds on the describechew techniquesand
canbesummarizedy thefollowing pseudo-code:

. Procedureare\isible(S R)
. Constructheinitial polytope for SandR
. returnrecursiveSplit( )

. ProcedurerecussiveSplit( )

m = representate line of

X = setof patchesntersectedy m

2 if X empty then

returnVisible //earlytermination

. Selecta patchF from X

: Searchfor avalid edgeein F

:if e enptythen

{ . }=Split( ,He)

if (recursiveSplit(  )=Visible then
returnVisible

if (recursiveSplit(
returnVisible

18: returnHidden

©o NGO AN R

e o
b wWN P O

)=Visible then

o
N @

The complex  is not representedplicitly, but im-
plicitly by successie calls to the recursve procedure
recussiveSplit( ). For eachpolytope,a representate line
mis extractedandintersectedvith the scenegeometryto se-
lectF; (lines6 and7). As describedn Section4.1, m passes
throughan apertureremainingafter the alreadyprocessed
occluderslf m doesnot intersectary occludersthe query
polygonsaremutuallyvisible andthe queryterminategarly
(line 9). Otherwisethe patchF; is selectedrom the set of
patchesntersectedby m (line 10). Its boundaryedgesare
inspecteduntil anedgee verifying the following split con-
dition is found(line 11):

He, thedualhyperplaneof g, is notafacetof
e belongsto thefrom-region silhouette(Section4.2)
edividesthesetof linesinsidepolytope

The last testis not trivial, and we evaluateit consera-
tively by testingthe edgee for intersectiorwith the corvex
hull of SandR. If no suchedgeis found, the currentpoly-
toperepresentasetof linescompletelyblockedby thepatch
Fi: therecursionstops,andthe polytopeis eliminatedfrom
the comple. Otherwise the polytopeis split into the poly-
topes and  (line 13) andtheprocedurds recursvely
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appliedto both polytopes(lines 14-17). The recursve pro-
cedurereturnswhenall the polytopeshave beenblocked: S
andR aremutuallyoccluded(line 18).

4.4. Framework Analysis

The main adwantageof our framework is that all splits by
internal edgesare avoided. The bestcaseis a single con-
vex occluderblocking all the raysbetweerthe query poly-
gons:all the edgesareinternalandthe queryis proven hid-
denwithout performingary split operationsin a sensethe
framevork canbe seenas an extensionto the generalcase
of multiple occludersof the predicatepresentedby Navazo
et al. to detectthe occlusioncreatedby a single polygonal
occludefNRJS03.

In terms of occlusion layers [KS0Q], previous analytic
frameworks were only able to fuse the occlusionfor the
secondor greateroccludedlayer. This is achiered by using
hiddencells asvirtual occluderdNBGO0Z. In addition,our
occluderaggregation methodis ableto combineocclusion
fromthe r stvisiblelayer of occludersthis propertyis cen-
tral for the scalability of the approachn scenesontaining
complec objects.

The possibility of early terminationis increasedyreatly in
the caseof mutualvisibility, sincearepresentate line mis
testedprogressiely for eachaperture The algorithmeffec-
tively cornvergeson apertureand terminates.Furthermore,
the complity of the methodis no longer a function of
the occluderswithin the polygon-polygormueryshaft,but a
functionof thecompleity of thefarsimplersilhouetteedge.
Furthermorethe conjunctionof thesilhouetteconditionand
therepresentage line strat@y leadsto avery ef cient aper
ture detection becausehe lines areguidedtowardsthe sil-
houetteboundarie®f objects.

5. Results

We have implementedthe describedalgorithms in the
“VisiLib' library; the testcomputeris a laptop Pentium4
computer(1.9Ghz)with 1.28Gb of memory

5.1. Framework evaluation

Themostdirectapplicationof the polygon-to-polygormuery
framework is the computatiorof a PVS.However, the com-
pletevisibility pre-processingf a scenerequiresadditional
algorithmsthatareout of the scopeof this paper(seefor ex-

ample[Lai05]). For this reasonwe have evaluatedthe query
framework in context of PVS computationby usinga ran-
domsamplingprocess.

The framewvork was testedby placing axis-alignedcubical
view cellsof equalsizealonga pathtraversingthe scengge-
ometry For realistic results,scenesof varying compleity

were used.For eachpath the mutual occlusionof 100000
randomlychosenpairs of boundingboxes weretested,the
rst box correspondingo oneof theviewcellsandthe other

¢ TheEurographic#ssociation2005.

oneenclosinganobjectof thesceneAt rst, thetwo boxes
were replacedby a conserative polygonal approximation
representinghe union of all the possibleviews of the box
from the otherone,anda polygon-to-polygorgquerywasap-
pliedto determindf they werehidden.If so,theboxeswere
alsoproven hidden.Otherwise the mutualvisibility of the
36 pairsof boxfacesweretestedandtheboxesweremarked
hiddenif all the facecombinationswere mutually hidden.
For ef cient processingthe scenesverestoredin anoctree
andshaftcullingwasusedto limit theintersectiorteststo the
objectsinsidethe shaftof thetwo boundingboxes[HW91].
The resultsare summarizedn Figure 14. Becauseof the
earlyterminationmechanismthedistributionsof thevisible
and hiddenqueriesare slightly differentandthey are pre-
sentedseparately
Eachquerybegins with the creationof the initial polytope
. Typically, whenS andR aretwo quadrilateralsthe dou-
ble descriptionmethodimplementatiof Fuk] usedin previ-
ouswork [NBGO0Z takesabout8 10 s sec.(thistime also
includesthe computationof the full face-latticeof ), and
wasa seriousbottleneck(the situationis evenworsein the
caseof [Bit02], becausehe methodis usedfor eachsub-
tractedoccluder).In the samesituation,our directconstruc-
tion methodis morethan300 timesfaster andperformsin
about245 10 © sec.
Dependingon the scenethe averagetime for silhouetteex-
tractionrangesfrom 1 to 36 ms. Evenif it is smallin com-
parisonto thetime thatwould have beenneededo perform
all the split operationsjt canreachup to 95% of the total
guerytime in worstcasesituations A cachingschemesimi-
lar to theoneproposedy Aila etal. [AM04] shouldbeused
to limit the costof the extractions(optimizationnot imple-
mented).
To identify the bottleneck=f the framewvork, we measured
the averagetime spentin different partsof the algorithm.
The resultsare presentedn Figure 17(a), as a function of
the numberof occluderseffectively subtractedduring the
query(i.e. the numberof effectiveoccludes). As expected,
themostcostlyoperationsarethe CSGin Pliicker spaceand
therepresentatk line intersectiontests.The latter are con-
siderablymore expensve than simple ray castingbecause
theintersectiortestingdoesnot stopwhenthe rst objectis
hit. With an averageof 4000representatk linestreatedby
secondpurimplementatioris considerablyslover thanthe
currentstandardn ray tracingand shouldcertainly be im-
proved. Anotherpossibility could beto stoptheintersection
testswhenagivennumberof occluderdhasbeenintersected.
Notethatthe numberof representatee lineswasalreadyre-
ducedby ‘regycling' themamongthe polytopescreatedin
splitting (Section4.1).

For comparisonpurposes,we have also implemented
the exact polygon-to-polygorocclusionquery methodpre-
sentedin [NBG0Z, modi ed to reducethe fragmentation
by detectingand discardingthe uselesssplits as described
in [MAMO5]. To allow a direct comparison this method
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(a)Vienne(26k tri) (b) Level 12 (104ktri) (c) Level 1 (187ktri) (d) Bonga(4.6Motri)
Visible Visible Visible Visible Visible Hidden Hidden Hidden Hidden Hidden
Visible (Time) #Splits #Rep.Lines  #Eff. Occ. Sil. Ex.(ms)  Time (ms) # Splits #Rep.Lines  #Eff. Occ. Sil. Ex.(ms)  Time (ms)
a 8%(5.3%) 0/7.5/169 1/7.5/151 0/8.1/148 0/0.2/22.8 0.2/4.3/112.7 0/5.1/162 1/6.5/138 1/8.8/122 0/1.1/44.2 0.3/6.6/106.7
b 16%(5.6%) 0/19.3/2.4k 1/11.8/1.2k 0/16.8/642  0/0.2/21.7 0.2/10.7/1.5k 0/51.8/6.7k 1/32.6/3.6k 1/55.5/1.1k  0/1.5/78.3 0.3/34.5/5.4k
c 46.6%(32.3%) 0/70.1/42.9k  1/34.7/20k 0/55.4/5k 0/1.3/394.4  0.3/62/56.4k 0/117.7/20.3k  1/60.6/9.8k 0/88.9/3k 0/2.8/335.3  0.4/113.3/30.5k
d 22.3%(17.7%) 0/17.7/6.9k 1/11/3.6k 0/14.7/3k 0/17.2/7.9k  0.6/80.5/24.5k | 0/15.2/15.4k 1/8.9/8.1k 0/11.6/2.9k  0/36/10.4k 0.6/107.6/35.4k

Figure 14: iennais atownmodelof 458 objectsand 26ktriangles;Level 12 andLevel 1 are two computeigamescenesLevel
12is aninterior sceneof 11770bjectsand104ktriangles,andLevel1is anoutdoorscenawvith 21600bjectsand187ktriangles.
Bongais anindustrial CAD model,counting430kobjectsand 4.6 millions of triangles.For ead scenge 100000 randombox-
to-boxocclusionquerieswhele performed.For ead data, the minimum/avesge/maximunvalue observeds given.The r st
columngivesthe percentaye of visible queriesandthe global time spentto performthem(in parenthesis)The3 next columns
giveresp.the numberof splits, of representativdines,and of effectiveoccludes performedduring the query Thecolumn'Sil.
Ex' givesthetime spentin the silhouetteextraction processFinally, thetotal time neededo performonepolygon-to-polygon

occlusionqueryis givenin thecolumn'Time'.

was implementedusing the low dimensionalalgorithms
presentedn Section3 andthe occluderselectionpresented
in the Section4.1 Despiteall the modi cations madeto
the original method,we referto this implementatiorasthe
classicalframevork In additionto the occludersilhouette
aggr@ation technique,the main difference betweenthe
classicalframavork and the framavork presentedn the
Section4.3 is that oncean occluderhasbeenselectedall
the polytopesof the complex are split by all the edgesof
its dual polytope.Time neededo performonequery asa
function of the numberof effective occluders,is given in
Figurel5(Level 12scene).

Time (sec)

*  Classical
A Framework (No Silhouette aggregation))
O Framework (Silhouette Aggregation

150 200

0 50

100
Effective Occluders

Figure 15: Comparisorof differentmethoddgor Level 12.

For sufciently large queriesthe classicaframework re-
sults are compatibleto thosepresentedn [NBGO0Z. How-
ever, our modi ed implementationis faster for smaller
gueriesbecausé bene tsfrom theacceleratiorf theinitial

polytopecreationalgorithm.With a leastsquaretting, we

evaluatedthe compleity of the classicaframevork curne:

O n'®  wheren is the numberof effective occludersThe
secondcune is for our framework presentedn Section4.3

usedwithoutthe silhouetteoccluderaggreation(i.e. all the
edgesare consideredas splitting edges).In comparisonto

theclassicaframework, the occludersareonly usediocally,

andthe uselesssplits are avoided before being performed.
For 100 effective occludersthe framework is about5 times
faster Thelastcurwe s for our framewvork usedwith thesil-

houetteoccluderaggregation.Sincemostof thesplitsby in-

ternaledgesareavoided,it providesanearlyconstantaccel-
erationover the precedenturwe, equalingto about6. For

100effective occluderstheacceleratiorbetweerthe classi-
cal framework andthe silhouetteaggreation framework is

about30. The compleity of the silhouetteoccluderaggre-
gationcurveis O nt 44

5.2. Occluder selectionand aperture detection

To studythe occluderselectionandthe aperturedetectiona
syntheticscenewasusedto controlthe testparametersThe
querypolygonsS andR aretwo equilateraltrianglesof the
samesize,parallelto eachotherwhile randomsizedequilat-
eraltrianglesareincrementallyinsertecbetweerthem.After
insertingeachoccludeythe mutualvisibility of SandR was
queried(seeFigure16).
Sincetheoccludersaredisconnectedyo silhouetteoccluder
aggre@ation occurs. The resultsare presentedn the Fig-
ure 17(b) (averageover 1000 experiments).The curvesare
decomposetbetweena visible anda hiddenphase During
the visible phase they increasewith the numberof trian-
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gles:the querypolygonsgetlessvisible, andearly termina-
tion happendater asthe sizeof the aperturedecreasesihe
cunesreacha maximumpoint whenthe shaftgetsblocked
(with 3100occludersonaverage) After this, addingmoretri-
anglesgivesmorechoicesfor the occluderselectionheuris-
tic, and the curves begin to decreaseThis shawvs that the
occlusionquerycostis not proportionako thenumberof oc-
cluderspresenin the shaft:assoonasthe shaftis blocked,
addingmoreoccludersanevenhave apositive effectonthe
computatiortime (exceptfor therepresentate line intersec-
tion teststhataremoreandmorecostlyin our implementa-
tion).

In previouswork, early terminationwasobtainedby testing
if free raysexist amonga setof randomlychosenraysbe-
tweenSandR [NBGO0Z. If therandomsamplingmissedthe
apertureall the occludersnsidethe shafthadto be treated
beforethe mutualvisibility of the polygonscould be estab-
lished.Thevisible queriesverepotentiallymorecostlythan
the hiddenonesthat only subtractedhe subsebf effective
occluderseededo prove the occlusion.Let p bethe prob-
ability of detectingan apertureby usingrandomrays. Fig-
ure 17(c) represent%, the averagenumberof randomrays
neededo discover the aperturegstimatedy castingalarge
numberof randomrays.This numberbecomewery largeas
theaperturesizedecreasesyhile our visibility guidedaper
ture detectionalways determineghe mutualvisibility with
aboundedhumberof representatk lines. Using our frame-
work, the needto subtractall the occludersnsidethe shaft
to prove visibility is avoided.

Figure 16: Randomoccludes experiment:randomsized
equilateml triangles are iteratively inserted betweenthe

querypolygons.

6. Conclusionand Futur e Work

We have presente@ new framework for polygon-to-polygon
occlusionguerythatdecreasethe averagecompleity of the
previous analyticapproachesn realistic scenesMaintain-
ing the full face-latticeof the polytopes,asdonein previ-
ouswork, is similar to the constructiorof alocalizedsubset
of the visibility complex. Our approachusing only the 1-
skeletonsof thepolytopesjs similar to the constructiorof a
localizedsubsenf thevisibility skeleton.The rst bene t of
this framework is to reducethe compleity of the queryby
choosingthe occluderlocally for eachpolytope:the useless
splits are avoided. Furthermorethe chanceof early termi-
nationis greatly enhancedn the caseof mutual visibility.
Whenthe framework is usedto performthe silhouetteoc-
cluderaggre@ation, it becomessensitve to the compleity
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of thefrom-region silhouetteof eachoccludingobject,rather
thanto its entirepolygonalmesh.The dravbacksarelinked
to the extractionof the silhouettesthe triangle adjacencies
have to be storedfor eachmesh,and the silhouettesmust
be extractedfor eachoccluderfor eachquery However, the
time neededo performthis taskis smallin comparisorto
the time that would be neededo performall the split op-
erations The algorithmevaluatesa silhouetteconditionand
a split conditionfor eachoccluderedge.Thesetestsarenot
trivial, and were replacedby simpler conserative testsin
ourimplementationleadingto someamountof uselessplit
operationsAs futurework, thefrom-region silhouettecould
beextractedlocally for eachpolytope,insteadof globally as
it was presentedhere.We alsoplanto develop an accurate
testto determineif e effectively dividesthe setof linesin-
sideeachpolytopeto replaceour conserative testusingthe
corvex hull of SandR.

Sinceoccluderselectionis an NP-hardproblem,our frame-
work usesa representate line counting stratgy as a se-
lection heuristic. This greedyprocessdoesnot always pro-
videthebestorderinglNBG0Z, andwe planto improve this
heuristicin futurework.

Finally, we intend to incorporatethe polygon-to-polygon
mechanisnin acompletePVS computatioralgorithm,such
astheonepresentedecentlyin [Lai05].
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Appendix A: Transformingr into apointatin nity

Letr ry rg; bea pointin 5 and H a projection hyper
plane of equation&? yax  b. The pointr can be seenas a
ray tro  trg goingthroughthe origin in 6. The projectionof
r ontothe hyperplaneH is equalto the intersectionpoint of this
ray with H, obtainedwhent is equalto tin b &% jar; . We
arefreeto choosethe projectionhyperplaneln orderto projectr

to a point at in nity , we take the projection hyperplaneof equa-
tion H pSx  Pix1 pixe  ppxa Pixs  phxs 1. Since
r is arealline, r belongsto the Plicler quadric,and we have
adgar  Hr 0 (by equation(3)): with this projectionhy-
perplaney is effectively projectedto a pointatin nity . A similar
projectionwasalsousedin [Nir03], but the scenehadto berotated
for eachqueryto ensurethatthe line r wasincludedin the plane
yz  0; our choiceof projectionhyperplaneoid this rotationstep.
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